As is traditional in the RBC literature, the only shock in the model is to labor productivity. In the data, there are many more shocks. To put the model on an equal footing with the data, we focus on the volatility of returns relative to that of output. In the data, the return to capital is 6.3 times more volatile than output. In a standard RBC model, the return to capital is 3.7 times more volatile than output. In other words, the model captures almost 60 percent of the observed relative volatility. Simple variants such as higher risk aversion capture almost 100 percent of the observed relative volatility.
As can be seen from Figure 1 , the success of the model in capturing the observed volatility in the return to capital necessarily implies that the model cannot account for the observed volatility in the financial return. Without a theory of the stock market that breaks the equivalence between the financial return and the return to capital, a business cycle model cannot simultaneously reconcile both returns.
ENVIRONMENT
The model we consider is standard and closely resembles that of Cooley and Prescott (1995) or, more recently, Gomme, Ravikumar, and Rupert (2011) . Therefore, the description is brief; further details can be found in the articles mentioned above.
Output is produced according to a constant-returns-to-scale Cobb-Douglas production function, where k t is the beginning-of-period capital stock, n t is hours worked, and z t is labor-embodied technological change described by ln z t = ρ ln z t−1 + ε t , where ε t is the innovation to technological change and has a Normal distribution with mean 0 and standard deviation σ. 2 Output can be converted into either consumption, c t , or investment goods, i t :
c t + i t = y t .
The capital stock evolves according to
where δ is the depreciation rate of capital. The representative household has preferences over streams of consumption, c t , and leisure,  t :
The period utility function has the functional form
The household allocates its 1 unit of time between leisure,  t , and work, n t :
We show the equivalence between the return to physical capital and the return to an appropriate financial asset by describing the problem through two separate decentralizations. In the first, households make capital investment decisions; in the second, firms make those decisions.
Decentralization: Households Make Investment Decisions
The household's problem is to choose contingent sequences of consumption, c t , work, n t , and capital, k t+1 , so as to maximize lifetime utility, equation (3), taking as given the wage rate, w t , and the rental rate for capital, r t , where each are measured in units of the consumption good in period t.
Formally, the representative household's problem is given by
The representative firm solves a sequence of static problems:
Note that the price of output in period t is the same as that of the consumption good in that period, so the profits of the firm in period t are denoted in units of the consumption good in period t. In this decentralization, it is clear from the firm's problem that factor prices satisfy
Owing to constant returns to scale of the production function, the profits of the firm are equal to zero every period. From the household's problem,
where η t is the Lagrange multiplier associated with the household's constraint in period t. In equilibrium, the gross real rate of return to capital in this decentralization is
A unit of capital in period t costs the household 1 unit of the consumption good. The payoff for the household in period t + 1 is as follows: The unit of capital produces F 1 (k t+1 ,z t+1 n t+1 ) units of the consumption good, and the left-over capital is worth 1 -δ units of the consumption good. So, the return to capital is F 1 (k t+1 ,z t +1 n t+1 ) + 1 -δ.
Decentralization: Firms Make Investment Decisions
In this subsection, it is firms that make capital investments and the household's problem is static, except for asset holdings, such as shares of firms. The firm's payoff (or dividend) is defined as subject to equation (2) and equation (6), where λ t is the time-zero price of a unit of consumption good in period t. Substituting the constraints into the firm's objective function, the first-order conditions with respect to n t and k t+1 are
The household's problem is to
where φ t is the household's number of shares in the firm at the beginning of period t and p t is the price per share measured in units of the consumption good in period t. Let Λ be the Lagrange multiplier in the present-value constraint. The first-order conditions with respect to c t ,n t ,φ t+1 are
The last equation will, in equilibrium, help price the asset. The market-clearing conditions are
Equivalence
Note from equations (2) and (6) that
Since F is a constant-returns-to-scale production function, Euler's theorem says that
so using the equilibrium wage in equation (7),
Thus, we can rewrite equation (8) as
Comparing the last equation with equation (11) gives p t = k t+1 . Thus, we can rewrite equation (14) as
Equation (15) is the equivalence result: The rate of return to the financial asset, the left-hand side of equation (15), is the same as the rate of return to capital, equation (5).
MEASUREMENT
In this section, we describe the empirical counterparts to our theory in the previous section. As part of this description, we construct a time series for the rate of return to capital. The sample period for the returns data is 1954:Q1-2015:Q1. Data and program files (including detailed calculations) are available at https://paulgomme.github.io.
Construction of the empirical counterparts to the model's variables follows standard procedures in the literature, such as those in Cooley and Prescott (1995) and Gomme and Rupert (2007) . The NIPA are the source for much of the derivations. Variables are converted to per capita values using the civilian noninstitutionalized population aged 16 and over. Nominal variables are converted to real ones using a deflator for consumption (nondurables and services).
In the U.S. economy, the real rate of return on a representative unit of capital can be calculated by summing all of the income generated by capital and dividing by the stock of capital that generated the income. The income data are found in the NIPA, while the capital stock data are obtained from the Bureau of Economic Analysis.
There are several issues complicating such a calculation, however. First, we are interested in obtaining cyclical properties of the return at a quarterly frequency; unfortunately, not all of the necessary data are available quarterly. We convert from an annual to a quarterly frequency based on the methodology in Gomme, Ravikumar, and Rupert (2011) .
Second, we need to attribute some of the proprietors' income to capital because some of their income is generated from capital and some from labor. The generally accepted practice for doing so is to allocate proprietors' income to capital and labor in the same proportions as calculated for the economy as a whole (see, for example, Cooley and Prescott, 1995, and Rupert, 2007) . That is, if labor's share of national income is 1 -α and capital's share is α, we attribute the fraction 1 -α of the proprietor's income to labor and the fraction α to capital.
Capital income can then be written as
Net operating surplus is defined as value added minus depreciation and payments to labor. Dividing capital income, Y k , by the stock of capital gives the return to capital.
The Real Return to Capital
The standard deviation of the rate of return to capital is 10.79 percent over the period 1954:Q1-2015:Q1 (Table 1) . As documented in Table 1 (and visually in Figure 1 ), the rate of return to capital is very smooth relative to the S&P 500 return-the latter is about 25 times more volatile.
Several caveats are in order regarding the rate of return to capital. First, the relative price of a unit of capital declined during the sample period. Accounting for the capital gains due to changes in the relative price would affect the volatility of the return to capital. Indeed, Gomme, Ravikumar, and Rupert (2011) measure the return to capital using the relative prices from NIPA and show that the return volatility is higher when the relative price changes are taken into account. For our sample, the return volatility increases from 10.79 percent to 38.19 percent. Second, the relevant margin for the household is the after-tax return to capital, but we have abstracted from taxes in our setup. Measuring the after-tax return to capital is not as straightforward as the procedure above, but the details are provided in Gomme, Ravikumar, and Rupert (2011) . Accounting for the fluctuations in tax rates increases the return volatility from 10.79 percent to 12.67 percent. Third, the financial return in Table 1 and Figure 1 is for financial claims on publicly traded corporations, so the comparable measure of return to capital might be the return to business capital instead of the return to the entire capital stock of the economy. 3 The volatility of the return to business capital in our sample is 12.58 percent. 
QUANTITATIVE IMPLICATIONS

Parameters
As has become standard in much of macroeconomics, the calibration procedure involves choosing functional forms for the utility and production functions and assigning values to the parameters of the model based on either micro-evidence or long-run growth facts. Cooley and Prescott (1995) provide an overview of the general strategy. A more detailed description of the calibration procedure can be found in Gomme and Rupert (2007) .
A model period is a quarter. There are seven model parameters that need to be assigned values. The properties of U.S. Solow residuals are used to establish values of ρ, the autoregressive parameter for the technology shock, and σ, the standard deviation of its innovation. The coefficient of relative risk aversion, γ, is set to 1, which is a value commonly used in the macroeconomics literature. The four remaining parameters are α, the capital share parameter in production; δ, the depreciation rate; β, the discount factor; and ω, the weight on leisure in preferences. These parameters are chosen such that in the model's deterministic steady state, the model matches up with the following observations:
1. Capital's share of income is 30.43 percent. 2. The annual depreciation rate of capital is 6.76 percent. 3. The annual pre-tax return to capital is 8.39 percent. 4. Hours worked is 25.5 percent of the time endowment.
Measurement of the return to capital has already been discussed. The remaining observations are based on updates of Gomme and Rupert (2007) . The calibrated parameter values are summarized in Table 2 , and values for steady-state variables in the model are reported in Table 3 .
The model is solved by applying a generalized Schur technique to a first-order log approximation of the decision rules around the steady state (see Klein, 2000) . 
Findings
The business cycle moments for the United States covering the period 1954:Q1-2015:Q1 are presented in Table 4 (a more complete set of moments can be found in Tables 7 and 8 ). With the exception of the returns data, the underlying data have been detrended by taking the logarithm and applying the Hodrick-Prescott filter with a smoothing parameter of 1,600. As shown in Figure 1 , the returns to the S&P 500 are occasionally negative, so the usual business cycle detrending procedure cannot be applied. Instead, returns are expressed as a percentage deviation from their sample averages, a procedure that is in the same spirit as the Hodrick-Prescott filter.
On the real side, the benchmark economy's performance is similar to that of other RBC models. Models calibrated to the observed Solow residual process typically underpredict the volatility of output; so does our model. In the data, consumption varies less than output, while investment varies more; our model delivers this ranking but underpredicts the volatility of consumption while exaggerating that of investment.
In the U.S. economy, the return to capital is 6.3 times more volatile than output and is procyclical. The S&P 500 return, however, is far more volatile than output-155 times more. As reported in Table 4 , the model predicts that the return to capital is 3.7 times more volatile than output and is strongly procyclical. In the data, the return to capital is 6.3 times more volatile than output, so the model captures roughly 60 percent of the relative volatility of the return to capital. If the target is the volatility of the S&P 500 return, the model does quite poorly, capturing less than 3 percent of this relative variability. 
Alternative Models and Parameterizations
In this subsection, we consider two variants on the benchmark model. The common theme is to explore the model's implications for the volatility of the return to capital. As motivation for these experiments, consider the intertemporal equation governing the accumulation of capital: The idea here is to consider alternative models or parameterizations that affect the second term, the gross return to capital, either directly or indirectly through the first term, which is the stochastic discount factor or the intertemporal marginal rate of substitution for consumption. The first model variant increases the coefficient of relative risk aversion, γ, from 1 to 5. As we change γ, the model is recalibrated to match the targets discussed in Section 4.1. This change has two important implications. First, utility is no longer additively separable between consumption and leisure, which implies that the intertemporal marginal rate of substitution now depends not only on consumption but also on leisure (hours worked). Second, the representative household will have a stronger utility-smoothing motive as γ increases. 4 Increasing risk aversion raises the volatility of the return to capital (as reported in Tables 5 and 9 ). In this case, the model predicts that the return to capital relative to output is as volatile as seen in the data; the relative standard deviation in both cases is 6.3. For the most part, this improvement does not come at the cost of substantially worsening the model's predictions for the real side of the economy.
The second model variant considers Hansen (1985 )-Rogerson (1988 indivisible labor, again recalibrating the model. This variant operates more on the return-to-capital term in equation (16) . Whereas the benchmark model in Section 2 allows for a continuous choice over hours worked, indivisible labor restricts the choice of hours to be a positive constant (e.g., a 40-hour work week) or zero. Rogerson showed that employment lotteries are welfareimproving and that the planner's preferences have a much higher labor-supply elasticity than the representative household. In fact, for Hansen's choice of logarithmic preferences, the planner's labor-supply elasticity is infinite. Quantitatively, Hansen showed that indivisible labor could substantially increase the volatility of hours worked. If the variability of capital is not much affected by the introduction of indivisible labor, then we might expect to see more volatility in the marginal product of capital, and so also in the return to capital; to see this, rewrite equation (16) as (17) 1
Relative to the benchmark model, introducing indivisible labor increases the volatility of macroaggregates-just as in Hansen. However, relative to output, the volatility of the return to capital in the indivisible labor economy is 3.5 which is lower than the 3.7 found for the benchmark calibration (compare Tables 4 and 8 with Tables 6 and 10 ).
CONCLUSIONS
We constructed a time series for the return to capital and showed that its behavior is substantially different from the S&P 500 return. Our measure of the return to capital is considerably smoother (by a factor of 25) and has a lower mean. The standard real business cycle model with logarithmic preferences accounts for close to 60 percent of the observed volatility in the return to capital relative to the volatility of output. We considered two variants of the standard model-high risk aversion and indivisible labor. The high-risk-aversion model delivers 100 percent of the relative volatility in the return to capital; the indivisible labor model delivers about 55 percent.
To date, the literature has focused on "fixing" the standard RBC model to account for the business cycle properties of the S&P 500 return. From a theoretical point of view, there is no reason to prefer the S&P 500 return over the return to capital as computed in this article because the two returns are theoretically equivalent. As is evident from Figure 1 , in order to simultaneously account for the volatilities of the return to capital and the S&P 500 return, we have to break the equivalence in the model between the return to capital and the return to equity. To the extent that the S&P 500 return does not reflect the return on a representative unit of capital in aggregate models (see Mulligan, 2002 , for instance), it might be useful to construct a general equilibrium theory of publicly traded firms and of "non-traded" firms. Another approach to break the equivalence might be to introduce limited participation in equity markets. n 
